Abstract Suppose that in the four tests Alice's scores are 90, 95, 85, 90, and Bob's scores are 85, 95, 90, 90. How to evaluate their scores? In this paper, we introduce the concept of ordered probability mass function which can be used to find a probability mass function with smaller variance. More interestingly, we can use it to distinguish sequences of positive numbers statistically.
Introduction
A random variable that can take on at most a countable number of possible values is said to be discrete. Suppose that X is a discrete random variable whose possible values are x 1 , x 2 , · · · , x n , x i ≥ 0, i = 1, · · · , n. We call the probability mass function p(x i ) = P (X = x i ) = 1/n, i = 1, · · · , n as average probability mass function (APM for short), the probability mass function
as general probability mass function (GPM). In a typical statistical problem, we have a random variable X of interest, but its probability mass function is not known. The above two probability mass functions are widely used in daily life.
The quantity E[X] defined by x:p(x)>0 xp(x) is called the expected value of X, which is also called the expectation of X. The variance [1, 2] , which is equal to the expected square of the difference between X and its expected value, is a measure of the spread of the possible values of X. Practically speaking, a probability mass function with all positive probabilities and smaller variance is more appreciated.
How to find a probability mass function with smaller variance? We have observed that there were no methods which can be used to find it. We have also observed that there were no methods which can distinguish sequences of positive numbers statistically, because the common sample mean and sample variance do not depend on the order relation of elements in a sample space.
In this paper, we introduce the concept of ordered probability mass function which can be used to find a probability mass function with smaller variance. More interestingly, it can be used to distinguish sequences of positive numbers statistically. To the best of our knowledge, it is the first time to introduce a method to cope with this problem.
Ordered probability mass function
In order to introduce the new concept of ordered probability mass function, we prove the following lemma.
Proof. Since abc = 1, we have
Thus Eq. (1) holds.
Likewise, if abcd = 1, then
More generally, if
Suppose that
provides us a new probability mass function. Definition 1. Suppose that X is a discrete random variable whose possible values are
We call the probability mass function
as ordered probability mass function (OPM) provided that x 1 x 2 · · · x n = 1.
By the definition, the OPM for the sequence It is easy to find that the APM and GPM do not depend on the order relation of elements in a sample space, but the OPM depends on it. Here is an illustration example. , has the smallest variance.
Application
As we mentioned before, a probability mass function with smaller variance is more appreciated in practice. Equipped with the tool of ordered probability function, we now can handle the 
Conclusion
The order relation of elements in a sample space is ignored because the common sample mean and variance do not depend on the relation. Thus the common statistical methods can not
